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I. INTRODUCTION 

During t h e  l a s t  decade, t h e  c a l c u l a t i o n  of g- tensors  has  o f t e n  been 

1-6 
a p a r t  of t h e  d i scuss ion  of t h e  e l e c t r o n i c  s t r u c t u r e  of r a d i c a l s ,  

Progress  has  been made i n  t h e  theory of sp in-orb i t  and hype r f ine  Lnter-- 

7 a c t i o n s ,  bu t  i n  t he  t reatment  of g- tensors  more a t t e n t i o n  has Eeec 

given  t o  problems of gauge invar iance ,  spin-other-orbi t  coupSing, 5 -  1 

higher  o rde r  pe r tu rba t ion   contribution^^-^^ than t o  t h e  approxixa t i o n s  

u s u a l l y  made i n  t h e  second order  c a l c u l a t i o n .  

3  Glarum g i v e s  t h e  r e s u l t s  of some c a l c u l a t i o n s  f o r  t h e  rad ica l s  

CH3, NH2 and CH2. He has  computed some terms ve ry  a c c u r a t e l y ,  bui: has 

approximated mul t i cen te r  terms. Neglecting t h e  l a t t e r  Leads to g = 2,00131 

f o r  CH3, whi le  i f  they a r e  included t h e  v a l u e  is  g = 2.00264. The e f f e c r  

on t h e  s h i f t  Ag from t h e  f r e e  e l e c t r o n  va lue  g = 2.002319 i s  thus  signr- 
e 

f i c a n t .  Approximations made i n  eva lua t ing  a  l a r g e  term should be 

c a r e f u l l y  i n v e s t i g a t e d  . 
Because of t he  need f o r  more p r e c i s e  c a l c u l a t i o n s ,  and t o  pravrde 

a  t e s t  of d i f f e r e n t  approximations, we p re sen t  i n  t h i s  paper some r e e a l c s  

f o r  t h e  molecular i o n  H 
-I- 

2 -  

Tn Sec t ion  I1 t h e  theory  of t h e  g-tensor is b r i e f l y  reviewed, In 

Sect ion  I11 we p re sen t  t h e  r e s u l t s  of s e v e r a l  c a l c u l a t i o n s  of sorne states 

of unperturbed H ' The f i r s t - o r d e r  wave func t ion  wi th  r e spec t  t o  t h e  2  " 

pe r tu rba t ion  R H , a s  computed v a r i a t i o n a l l y  and i n  terms of zero-order 
rn tmr. 

exc i t ed  s t a t e s ,  i s  presented i n  Sec t ion  I V .  I n  both cases  i t  i s  possible 

t o  g e t  some information about  t h e  completeness of t h e  s e t  of func t tons  

i n  terms of which t h e  expansion i s  made. These r e s u l t s  a r e  a p p l i e d ,  5-n 



4- 
Sect ion  V ,  t o  t h e  computation of t h e  g  f a c t o r  f o r  H2 a t  t h e  equi l ibr ium 

i n t e r n u c l e a r  s epa ra t ion .  Spec ia l  emphasis i s  placed on t h e  r e s u l t s  of 

t h e  LCAO approximation. I n  Sec t ion  VE we d i scuss  t hese  r e s u l t s  and 

support  t h e  p o s i t i o n  t h a t  t h e  neg lec t  of mu l t i cen te r  terms is  very  

dangerous and t h a t  one cannot u s e  a  s i n g l e  v a l u e  f o r  the sp in  orbit 

coupling parameter . 
b LV2 1": A l l  caLculat ions have been done i n  double p r e c i s i o n  on t h e  Ur' 

1108 computer a t  t he  Univers i ty  of Wisconsin Computing Center.  Only the 

equi l ibr ium i n t e r n u c l e a r  d i s t a n c e  has been t r e a t e d .  I n  d i scuss ing  &he 

theory i n  t h e  next  s e c t i o n  we u s e  cgs u n i t s ,  but  c a l c u l a t i o n s  were done 

and a r e  r epo r t ed  i n  atomic u n i t s .  

11. REVIEW OF THE THEORY OF g-TENSORS 

To d i scuss  t h e  g-factor  o r  g- tensor ,  we must i n t roduce  t h e  model 

s p i n  Hamiltonian i n  which i t  occurs .  It is  assumed t h a t  t h e  f u l l  Hamil-- 

t on i an  inc luding  s p i n  and magnetic i n t e r a c t i o n s ,  f o r  a  r a d i c a l  system 

i n  some p a r t i c u l a r  e l e c t r o n i c  s t a t e  (u sua l ly  t h e  ground s t a t e )  can be 

rep laced  by a n  e f f e c t i v e  opera tor  a c t i n g  on a  purely s p i n  space ,  The 

dkmension of t h i s  space is  equal  t o  t h e  degeneracy of the  s t a t e  i n  q u e s t i m  

when magnetic i n t e r a c t i o n s  a r e ?  neglected.  The e f f e c t i v e  ope ra to r  i s  

c a l l e d  t h e  s p i n  Hamiltonian. It inc ludes  s p i n  ope ra to r s  and parameters 

which a r e  chosen so a s  t o  make t h e  replacement poss ib l e .  For a system 

i n  a  doublet  s t a t e ,  w i t h  no o r b i t a l  angular  momentum, and with hyper f ine  

i n t e r a c t i o n s  neglec ted ,  t h e  s p i n  Wamiltonian can be m i t t e n  



(0) The cons tan t  E simply r e p r e s e n t s  t h e  e l e c t r o n i c  zero order energy f o r  

t he  s e t  of s t a t e s  i n  ques t ion  and i s  usua l ly  omit ted.  The second term 

g ives  t h e  Zeeman energy and remains a l s o  f o r  more complicated sys te r~s  

where a d d i t i o n a l  terms must be  included.  I n  t h i s  term f3 = & / r r i  :,; 

t h e  Bohr magneton, i s  a n  e x t e r n a l  magnetic f i e l d ,  aid S ;s t . 1 ~  
m 

e f f e c t i v e  s p i n  opera tor  ( i n  u n i t s  of 4 ).  The g-tensor is  in  ..; 

def ined  by t h i s  equat ion .  It determines t h e  Zeeman s p l i t t i n g  as a 

f unc t ion  of t he  r a d i c a l  o r i e n t a t i o n .  To c a l c u l a t e  i t  we must consider 

f u r t h e r  t h e  r e l a t i o n s h i p  between t h e  f u l l  Hamiltonian and t h e  sp,;2 

Hamiltonian. 

For a  one-electron system such a s  t h a t  we w i l l  be  consi~!eric.:, B5ra~" 

theory provides a  convenient s t a r t i n g  p o i n t .  The r a d i a t i v e  eorre:..:-r 3 

which l ead  t o  t h e  dev ia t ion  of t he  f r ee -e l ec t ron  g f a c t o r  from exact ly  

2 can be d e a l t  w i th  by t h e  i n s e r t i o n  of an  e f f e c t i v e  moment, To facilitate 

a gene ra l  p e r t u r b a t i o n  t rea tment ,  t h e  Dirac  Hamiltonian i n  a parsrcwLsr 

Lorentz frame is transformed t o  a  r e p r e s e n t a t i o n  i n  which i t  becomes a r  

i n f i n i t e  s e r i e s  s t a r t i n g  wi th  t h e  ord inary ,  n o n - r e l a t i v i s i t i c  ~ch:Gd:nre: 

Bamiltonian a s  a  f i r s t ,  zero-order term. 

The t ransformat ion  i s  r e a d i l y  made t o  ob ta in  terms accurate T!:ZOU&I 

second order  i n  t h e  f i n e  s t r u c t u r e  cons t an t .  Extent ion t o  higher crdqr 

i s  d i f f i c u l t ,  a l though t h e  d i f f i c u l t i e s  a r e  not  insurmountable i f  nuciea. 

magnetic moments a r e  neglected and i f  t h e  s c a l a r  p o t e n t i a l  i s  eve!-;rd!-ece 

I 1912. We w i l l  not  be concerned wi th  t h e  higher  order  terns, 

here ,  i n  any case.  Some c a r e  must be used t o  preserve  gauge invarlance 

and Hermi t ic i ty .  The r e s u l t  can be  w r i t t e n  ( f o r  an  e l e c t r o n  o f  charge -e) 



where g is t h e  e l e c t r o n i c  momentum ope ra to r ,  t h e  e x t e r n a l  e l e c t r i c  

f i e l d  and A ,A t h e  s c a l a r  and v e c t o r  p o t e n t i a l s ,  r e spec t ive ly .  Nor- 
0 m 

nnally, 0 is  t h e  s e t  of t h r e e  P a u l i  s p i n  ma t r i ce s .  To inc lude  t h e  
w- 

e f f e c t  of r a d i a t i v e  c o r r e c t i o n s  on t h e  e l e c t r o n ' s  gyromagnetic r a t i o ,  

however, we can t ake  

where S is t h e  u s u a l  s p i n  ope ra to r .  (Di f fe r ing  from S of t h e  s p i n  
w w 

Bamiltonian by t h e  i n c l u s i o n  of 4 ) This  in t roduces  t h e  necessary 

f a c t o r  g e / 2  We w i l l  b e  concerned wi th  t h i s  f a c t o r  on ly  i n  term &'2;  



i t  can be  rep laced  by 1 elsewhere, t o  t h e  l e v e l  of accuracy treated 

here .  The func t ion  k = k(2) a r i s e s  i n  t h e  p a r t i t i o n i n g  t reatment  of  

t h e  Dirac  equat ion.  It is  

where W is  t h e  n o n - r e l a t i v i s i t i c  energy. It is  seen  t h a t  k i s  

e s s e n t i a l l y  equal  t o  1 n e a r l y  everywhere, bu t  goes t o  zero a t  p o i n t s  

where A becomes i n f i n i t e .  When t h e  e f f e c t  of nuc lear  magnetic 
0 

moments is  considered,  t h e  presence of k l eads  immediately to the 

con tac t  hyper f ine  i n t e r a c t i o n .  It a l s o  provides convergence f a c to r s  i n  

some i n t e g r a l s  which would o therwise  be d ivergent .  

One way t o  o b t a i n  t h e  r e l a t i o n s h i p  between t h e  f u l l  Kamiltonian 

i s  and t h e  model s p i n  Hamiltonian is  t o  employ t h e  p a r t i t i o n i n g  technique, 

It is  convenient,  a l though no t  e s s e n t i a l ,  t o  in t roduce  a b a s i s  s e t  

c o n s i s t i n g  of t he  e igenfunct ions  of 5.1 . The ma t r ix  form 
0 

I t  

of t h e  s t a t i o n a r y  s t a t e  Schrodinger equat ion is then  p a r t i t i o n e d  into 

two sets: set a , conta in ing  t h e  degenera te  states a s s o c i a t e d  with 

t h e  ground s t a t e  zero-order energy, and s e t  b conta in ing  aEL the  rest, 

This  r e p r e s e n t s  a p a i r  of ma t r ix  equat ions .  The second is formal ly  

solved and t h e  r e s u l t  s u b s t i t u t e d  i n t o  t h e  f i r s t  t o  g i v e  



Since we a r e  i n t e r e s t e d  i n  an  energy c l o s e  t o  t h e  zero order  energy 

of t h e  "aq' s t a t e s ,  wi th  which t h e  "b" s t a t e s  a r e  non-degenerate, t h e  

i nve r se  i n  t h e  second term w i l l  e x i s t .  The equat ion  can be  r e w r i t t e n  

where is  t h e  t o t a l  pe r tu rba t ion  - 0  and Eo (O) is t h e  

ground s t a t e  zero order  energy a s s o c i a t e d  wi th  t h e  "a" s t a t e s .  I f  we 

a r e  w i l l i n g  to neg lec t  terms of higher  than  second order ,  then i n  t h e  - -- 
second term 9 bb can b e  rep laced  by )t Obb and E by E  (0 

w Wu/ 0 

The equat ion then  becomes 

3t (0) a  c a =  ( E - E  ) &  
ef f  - o 

where t h e  e f f e c t i v e  Hamiltonian, 9 eff , has ma t r ix  elements 

The dimension of t he  "a" space on which seff is  def ined  is 

j u s t  t h e  number of s t a t e s  which a r e  degenerate  i n  t h e  zero order  ground 

s t a t e .  The s p i n  Hamiltonian is  def ined  i n  terms of s p i n  ope ra to r s  and 

parameters s o  t h a t  i t  has t h e  same ma t r ix  elements a s  9 e f f  . When 

t h e r e  i s  only s p i n  degeneracy i n  t h e  zero order  ground s t a t e ,  a s  f o r  

2~ + H: , t h e  i d e n t i f i c a t i o n  of parameters  wi th  ma t r ix  elements i s  
g  

s t r a igh t fo rward .  

The g  tensor  of Eq. (1) w i l l  have con t r ibu t ions  of two types .  
Vw(h 

One a r i s e s  i n  t h e  f i r s t - o r d e r  term from t h e  term g08k SOH of 3; and 0tAK'JK.b 



gives  j u s t  t h e  i s o t r o p i c ,  f r e e  e l e c t r o n  p a r t  of g . Other terms linear 
WJ. 

i n  H and con t r ibu t ing  i n  3teff t o  t h e  same ma t r ix  elements as 

Hog*S i n  t h e  s p i n  Hamiltonian w i l l  a r i s e  i n  t h e  cross-term con t r ibu t ion  
* uw- 
t o  t h e  second order  expression:  t h a t  involving !?,OH ( i m p l i c i t  i n  $dl1) 

kur @M 

I 
and figs ( i m p l i c i t  i n  $! 3) . 

*UUL 

For a uniform e x t e r n a l  magnetic f i e l d  & ,  

I f  E a r i s e s  only from t h e  n u c l e i ,  which we assume t o  be f i x e d ,  then 
rssc 

where A is  t h e  v e c t o r  from nucleus V , having char.ge e Z  , t o  t h e  
V 

poin t  r and r i s  i t s  l eng th .  
m V 

It fol lows t h a t  

Then can be r e w r i t t e n  

- 1 where &v = 4 t; x 
is  t h e  o r b i t a l  angular  momentum of the nucleus 

about nucleus V . ( i n  u n i t s  of h ) Simi l a r ly  9; becomes 



where !L = b-1 A X  i s  t h e  o r b i t a l  angular  momentum about t h e  o r i g i n  
limcI 

with  r e s p e c t  t o  which t h e  vec to r  p o t e n t i a l  $ i s  defined.  A change 

i n  t h i s  o r i g i n  is  a  gauge t ransformat ion ,  Any choice  can be made, 

but  i t  must be  made c o n s i s t e n t l y  i n  any one c a l c u l a t i o n .  

The remaining term of p o t e n t i a l  i n t e r e s t  is  $ , which is 

p ropor t iona l  t o  

z,, 

It must be r e t a i n e d  i f  gauge inva r i ance  i s  t o  be  preserved,  bu t  i n  

t h e  present  c a l c u l a t i o n  i ts  c o n t r i b u t i o n  is  found t o  be n e g l i g i b l e .  

The components of g  a r e  gmn , m , n  = x, y o r  z and a r e  given 
m+i 

by 

The f i r s t  term is  t h e  i o s t r o p i c ,  f r e e  e l e c t r o n  va lue .  We a r e  i n t e r -  

e s t ed  i n  t h e  r e s t ,  A&= &- g & . It has  components 
ew 



4- 
The s p e c i f i c  system t o  b e  considered he re  i s  H2 It is 

apparent  from t h e  symmetry of t he  system t h a t  t h e  only o r i e n t a t i o n  

v a r i a b l e  a f f e c t i n g  t h e  Zeeman s p l i t t i n g  is  t h e  ang le  between the 

molecular a x i s  and t h e  f i e l d  d i r e c t i o n .  A molecule-fixed coord i r l a t e  

system wi th  i t s  z a x i s  along t h e  i n t e r n u c l e a r  a x i s  wil l .  be a p r i n c i p a l  

a x i s  s y s t e m f o r  g with g = 
4- 

xx gyy . Since t h e  ground state of H 
% 2 

is  an  e i g e n s t a t e  of R having eigenvalue zero,  each term i n  t h e  
z 

sum giv ing  Agzz vanishes  so  g = ge and i t  is only  necessary  to 
Z z 

c a l c u l a t e  
ngxx 

The expression f o r  g which r e s u l t s  from t h i s  d i scuss ion  i s  - 
1 f 

equiva len t  t o  t h a t  of convent ional  Rayleigh-Schrodinger p e r t u r b a t i o n  

theory ,  involving a sum over exc i t ed  s t a t e s .  The second order  part 

of t h e  express ion  can a l s o  be evaluated by ob ta in ing  a f i r s t - o r d e r  

wave func t ion  wi th  r e spec t  t o  one of t h e  pe r tu rba t ions ,  e , g .  $' 9 -. 2. 

and then  computing a mat r ix  element involving t h e  o t h e r  pe r tu rba t ion ,  

-f/;.14 The r o l e s  of 51; and could equal ly  w e l l  be inter- 

changed, but  t h i s  choice  is computat i o n a l l y  more convenient ,  T h i s  

approach would fo l low more n a t u r a l l y  i f  a more gene ra l  t r e a m e a t  of 

t h e  pe r tu rba t ion  fl had been employed. It is  d i f f i c u l t  to give 

a r igorous  d e f i n i t i o n  of g i n  t h e  more gene ra l  pe r tu rba t ion  treatment 
Vppr*v 



however. Both approaches w i l l  b e  used he re .  

III, ZERO ORDER WAVE FUNCTIONS 

A s  a  f i r s t  s t e p  i n  t h e  c a l c u l a t i o n  we need t h e  zero order  func t ions  

f o r  ground and exc i t ed  s t a t e s .  The exac t  s o l u t i o n  of t h e  H problem 2 

i s  w e l l  known,12 but  t h e  c o e f f i c i e n t s  appearing i n  t h e  exc i t ed  s t a t e  

func t ions  r equ i r ed  f o r  t h e  Ag c a l c u l a t i o n  a r e  not  i n  a l l  cases  r e a d i l y  

a v a i l a b l e .  We thus begin  by developing a  s e t  of good, approximate 

s o l u t i o n s  t o  t h e  zero order  problem. The coord ina te  system is  shown 

i n  F igure  1. It i s  centered  on t h e  midpoint of t h e  l i n e  between n u c l e i  

a and b  , and has i ts  z  a x i s  a long t h i s  l i n e  poin t ing  toward b  . 
The i n t e r n u c l e a r  d i s t a n c e  R i s  f i x e d  a t  t h e  equi l ibr ium va lue  2a 

0 

and atomic u n i t s  have been used. It is convenient t o  u s e  e l l i p t i c  

coord ina tes  

and 

- 1 
$ t = .  t a n  x /y  

A. Ground S t a t e  

For t h e  '1 ' ground s t a t e  of H ~ '  we know t h a t  t h e  wave func t ion  
g 

can b e  w r i t t e n  15  



where P is a  Legendre polynomial and IC = - 
s ( ~ ~ 1 2 )  (E - l . / R l  

0 A - L t  a =  la - 1 . Tile terms i n  ( h  + 1 )  and (= ) a r e  somewhat 

inconvenient  and can b e  rep laced  by t h e i r  power s e r i e s  expansions 

On l y  even powers of p occur wi th  non-zero c o e f f i c i e n t .  They can 

b e  c o l l e c t e d  and t h e  va r ious  s e r i e s  then  t runca ted  t o  g ive  an approxi- 

mate s o l u t i o n  
16 

The exponent ia l  c o e f f i c i e n t  
a and the F i j  

can now be  t r e a t e d  as 

v a r i a t i o n a l  parameters.  For any f i x e d  a , v a r i a t i o n  of the  linear 

c o e f f i c i e n t s  l e a d s .  t o  t h e  usua l  s ecu la r  equat ion (H - ES ( = O . We 
w w 

have used theciuens-Householder method t o  o b t a i n  t h e  optimum P, 
1:j 

as func t ions  of a , and t h i s  parameter w a s  then  optimized t o  g ixe  the - 
b e s t  Eo . When N I  becomes i n f i n i t e  t h e  exponent ia l  behavior can 

.., 
b e  dup l i ca t ed  by t h e  power s e r i e s ,  s o  t h e  optimum E becomes inde- 

0 

pendent of a Enough terms were r e t a i n e d  i n  t h e  expansion so  t h a t  

% 

E was i n s e n s i t i v e  t o  smal l  v a r i a t i o n s  i n  a . 
0 

An a l t e r n a t i v e  approach t o  g e t t i n g  an  approximate func t ion  i s  t o  

u se  a l i n e a r  combination of atomic o r b i t a l s .  (LCAO) . A three-  t e r m  

LCAO func t ion  is: 1 7  

; (0) 
-ar -ar -ar 

a  -arb + e  b, + C2(Zae 
a  

= C1(e 
0 - Zbe 1 



This func t ion  can be expressed i n  e l l i p t i c  coord ina tes .  It i s  of t h e  

form given  i n  Eq. (21) bu t  wi th  some r e s t r i c t i o n s  on t h e  
Fij 

. We 

must expect ,  t h e r e f o r e ,  t h a t  t h e  r e s u l t  w i l l  not  be a s  good. To 

preserve  t h i s  analogy we have considered only one s c a l e  parameter,  a . 
Although t h e r e  a r e  only t h r e e  c o e f f i c i e n t s ,  t h e  presence of terms 

involving cosh (aRy 12) and ~i nh(aRp/2) i n  t h e  e l l i p t i c  coord ina te  

express ion  make t h i s  func t ion  l e s s  convenient t o  work wi th ,  

I n  Table 1 we have l i s t e d  some r e s u l t s  obtained wi th  func t ions  of 

t hese  forms, and wi th  t h e  exact  func t ion  ca l cu la t ed  by Bates ,  Ledsham 

and Stewart  . l5 The wave f  unct  i on  Y (') (NI ,NJ) is very  good, g iv ing  
0 

t h e  energy a s  accu ra t e ly  a s  des i r ed  f o r  s u f f i c i e n t l y  l a r g e  N I  and N J .  

-6 
With only 9 terms t h e  p r e c i s i o n  i n  t h e  energy is a l r eady  2 x 10 and 

rn 
t h e  expec ta t ion  va lues  of h and p*are w i t h i n  1% and 5%, r e s p e c t i v e l y ,  

of t h e i r  exact  va lues .  The ca l cu la t ed  va lue  of <L 2> agrees  w e l l  wi th  
X 

t h a t  ca l cu la t ed  by Dalgarno and ~ c ~ a r r o  ll . l8 The optimum Fi c o e f f i c i e n t s  

f o r  N I  = N J  = 4 and a = a = 1.689727 a r e  l i s t e d  i n  Table 2. It i s  
OP t 

apparent  t h a t  t h e  c o e f f i c i e n t s  below t h e  d iagonal  ( j  > i )  i n  t h e  t a b l e  

a r e  sma l l  compared with those  above i t .  This sugges ts  t h a t  i t  w i l l  

be  a  good approximation t o  use  

which has only (NI + 1)  (NI + 2 ) / 2  terms i n s t e a d  of (NI + 1 )  ( N J  + 1 ) .  

I n  p r a c t i c e  one cannot i nc rease  N I  and N J  t o  a g r e a t  ex t en t  because 

of i nc reas ing  dependency w i t h i n  t h e  s e t  of nonorthogonal func t ions .  



A s  a n t i c i p a t e d ,  t h e  LCAO r e s u l t s  a r e  not  as good. The energy i s  

i n  e r r o r  by 2%, expec ta t ion  va lues  of powers of h and p a r e  o f f  by 

2 LO%, and <L > is  even worse. The optimum energy is a t t a i n e d  when 
X 

a = 1.249, Cl = 0.398251283, C 2  = 0.08160168788 and C3 = 0.00683822114. 

B. The 3d 2i'I S t a t e  

-4- 
The f i r s t  exc i t ed  s t a t e  of H having t h e  proper ty  t h a t  2 

2  
< O / ~ ~ l n >  # 0 is t h e  3d II s t a t e .  We have used approximate functions 

g 

of similar forms t o  t hose  employed previous ly  

We have t runca ted  t h e  j s e r i e s  a s  suggested above. I n  Table  3 ye 

g i v e  t h e  ' c o e f f i c i e n t s  f o r  t h e  optimum v a l u e  of a wi th  PI = 4, En 

t h e  L C A ~  approximation we have i n  one c a l c u l a t i o n  aga in  cons t ra ined  

a l l  t h e  o r b i t a l  exponents t o  be  equal .  I n  another  c a l c u l a t i o n  we 

allowed t h e  t h r e e  o r b i t a l  exponents t o  d i f f e r .  The optimum v a l ~ ~ e s  are 

given i n  Table 3. 

Some expec ta t ion  va lues  computed wi th  t h e s e  wave func t ions  a r e  

g iven  i n  Table 4. Values ca l cu la t ed  wi th  t h e  exact  func t ion  of Peek 19 

a r e  included f o r  comparison. The s i x  term func t ion  (PI = 2 )  gives an 

energy accu ra t e  through t h e  n ine th  d i g i t ,  and expec ta t ion  values of 



powers of h and p a r e  a l s o  very  good. However, t h e  mat r ix  element 

of L between 3dII and t h e  ground s t a t e  d i f f e r s  f o r  our func t ion  from 
X 

t h e  v a l u e  r epo r t ed  by Dalgarno and McCarroll. 10 The r a t i o  of t h e  two 

va lues  is e s s e n t i a l l y  fi . We w i l l  d i s cuss  t h i s  disagreement i n  

Sec t ion  I V ,  below. I n  t h e  LCAO c a l c u l a t i o n ,  t h e  s i n g l e  o r b i t a l  exponent 

va lue  is much b e t t e r  f o r  t h e  3dE s t a t e  than  f o r  t h e  ground s t a t e .  

A l l  c a l cu l a t ed  va lues  except <3dII I L  10> are q u i t e  good. The i n t r o -  
X 

duc t ion  of t h r e e  d i f f e r e n t  exponents does no t  s u b s t a n t i a l l y  improve 

t h e  r e s u l t s .  We w i l l  d i s cuss  t h e  v a l u e  of <3dII lL 10> i n  Sec t ion  I V .  
X 

6 .  Higher Exci ted S t a t e s  

Var i a t ion  of t h e  l i n e a r  c o e f f i c i e n t s  i n  t h e  func t ions  of t h e  form 

given i n  Eq. (24) l eads  t o  a  s e c u l a r  equat ion.  The h ighe r  energy 

s o l u t i o n s  provide approximations t o  h igher  exc i t ed  s t a t e s .  Table 5 

shows t h e  energ ies  of exc i t ed  s t a t e s  computed wi th  P I  = 3 (10 terms) 

f o r  d i f f e r e n t  va lues  of a . I n  t h e  previous c a l c u l a t i o n  we optimized 

a i n  o rde r  t o  g e t  t h e  lowest  energy f o r  t h e  3dII s t a t e .  For each of 

t h e  exc i t ed  s t a t e s ,  however, t h e  energy is a d i f f e r e n t  func t ion  of 

a . Some optimum va lues  a r e  presented i n  Table 6 .  I f  d i f f e r e n t  

a-values a r e  chosen f o r  d i f f e r e n t  s t a t e s ,  t h e  func t ions  a r e  no longer  

or thogonal  and may con ta in  components a s s o c i a t e d  wi th  lower-lying 

s t a t e s .  I f  P I  was allowed t o  become i n f i n i t e ,  t h e  e f f e c t  of d i f f e r e n t  

exponent ia l s  f o r  d i f f e r e n t  s t a t e s  could be  achieved.  

We can s e e  from t h e  d a t a  i n  Table 5 t h a t  t h e  LO term b a s i s  s e t  i s  

f a i r l y  good f o r  desc r ib ing  t h e  lower exc i t ed  s t a t e s  because t h e i r  

energ ies  a r e  r a t h e r  i n s e n s i t i v e  t o  a . This  is  not  t r u e  f o r  t h e  h igher  



s t a t e s .  A s e t  of 2 1  terms l eads  t o  q u i t e  good r e s u l t s  i f  a > 0,5, 

bu t  t h e  dependency problem becomes s i g n i f i c a n t .  

Resu l t s  f o r  t h e  LCAO approximation a r e  presented  i n  Table 6E, 

They a r e  poor when only one exponent is  used; one cannot describe the  

higher  s t a t e s  i n  t h i s  way. When t h r e e  exponents a r e  used, the state l2#> 

is  q u i t e  w e l l  descr ibed  al though only k(O) w a s  optimized. 
3dlI 

I V .  FIRST-ORDER WAVE FUNCTION I N  RaH 
mrm/ 

A s  mentioned i n  Sec t ion  11, one way of eva ludt ing  Ag fnvo lves  

t h e  u s e  of a f i r s t - o r d e r  wave func t ion .  More s p e c i f i c a l l y  

where Yx is a s o l u t i o n  of t h e  f i r s t - o r d e r  equat ion 

A. V a r i a t i o n a l  Approach 

It is w e l l  known t h a t  t h e  b e s t  approximate f i r s t - o r d e r  function 

a(') can b e  obtained by minimizing 
X 

with  r e spec t  t o  v a r i a t i o n s  i n  I n  t h i s  expression .. 

We have used a t r i a l  func t ion  



and minimized ;(2) w i t h  r e s p e c t  t o  a , a s  w e l l  a s  t h e  P . With i 
i j  

and j ranging from 0 t o  4 ,  t h e  b e s t  va lue  obtained f o r  a is 0.900. 
w 

The func t ion  E ( ~ )  ( a )  f o r  optimized P ' s  i s  g iven  i n  Table 7 .  The 

minimum is very  shallow wi th  E ( ~ ) ( c ~ )  n e a r l y  cons tan t  f o r  0.6 < a < 1 . 
This  sugges ts  t h a t  t h e  number of terms ( i  and j va lues )  included is 

s u f f i c i e n t  . 

B. Expansion i n  Terms of Unperturbed Funct ions 

I 1  

I n  convent ional  Rayleigh-Schrodinger pe r tu rba t ion  theory ,  t h e  

f i r s t - o r d e r  func t ion  i s  expanded i n  t h e  complete s e t  of zero-order 

e i g  en£ unct  i o n s  

We have a l r eady  computed va r ious  approximations t o  t h e  zero-order 

exc i t ed  s t a t e  func t ions  and a r e  thus  a b l e  t o  compute t h e  ma t r ix  

elements ( H ; ) ~ ~  and t h e  zero-order energy d i f f e rences .  Matr ix elements 

of 2 i n  t h e  v a r i o u s  approximations a r e  presented i n  Table 8. 
X 

I n  order  t o  g e t  a good f i r s t - o r d e r  wave fuqc t ion  w e  need a s e t  

of zero-order func t ions  which is e s s e n t i a l l y  complete and which in-  

vo lves  func t ions  t h a t  a r e  good approximations t o  t h e  t r u e  zero-order 

exc i t ed  s t a t e  func t ions .  I f  t h e  s e t  is  complete then  

which provided a check. 



For t h e  s e r i e s  form of Y (O) , Eq.  (24) ,  we have n  

whi le  wi th  YL0) of t h e  corresponding form we f i n d  

The comparison i s  d isappoin t ing .  We no te  t h a t  t h e  ma t r ix  e l anen t s  

<9 I R I O> and <15 1 R 10> a r e  not  n e g l i g i b l e  and conclude t h a t  w e  must 
X X 

expect a d d i t i o n a l  con t r ibu t ions  from s t a t e s  w i th  n > 21. From the 

f a c t  t h a t  t h e  ma t r ix  elements d i f f e r  s i g n i f i c a n t l y  i n  t h e  6 and 24 

term c a l c u l a t i o n s ,  we conclude t h a t  t h e  d e s c r i p t i o n  of exc i t ed  states 

is no t  good. 

Before leaving  t h i s  s u b j e c t ,  we r e c a l l  t h a t  our va lue  of 

<O 1 Rx 13dn> d i f f e r s  from t h a t  of Dalgarno and ~ c ~ a r r o l l ' ~  by . We 

know t h a t  our  express ion  f o r  R i s  c o r r e c t  s i n c e  we g e t  the  exact 
X 

2 
r e s u l t  f o r  < O  I R lo>, 20 and t h a t  t h e  Y x n  (O) appear t o  b e  proper ly  normal- 

i z ed  s i n c e  they g i v e  good expec ta t ion  va lues .  I f  <O / R x I  3dm were 

of f  by fi i n  our  c a l c u l a t i o n ,  t h e  o the r  <O l R  1 n> would be o f f  by the  
X 

same f a c t o r  and t h e  sum of squares  would b e  g r e a t e r  than  0 , 1 4 4 ,  which 

is impossible  . 
Tn t h e  LCAO approximation we f i n d  t h a t  



whi le  

2 (0) <Y (O) (LCAO) I Rx I Yo (LCAO), = 0.114 
0 

The r e s u l t  i s  r a t h e r  poor. We r e c a l l  t h a t  t h e  LCAO ene rg ie s  a r e  

not  exact  and t h a t  expec ta t ion  va lues  a r e  o f f  by 10%. We conclude 

t h a t  t h e  LCAO approximation i s n ' t  a very  good one i n  t h i s  case.  We 

expect i t  t o  l ead  t o  a poor g- fac tor .  

V.  CALCULATION OF THE g-FACTOR 

We have seen  t h a t  t h e  g-tensor d i f f e r s  from t h e  f r ee -e l ec t ron ,  

i s o t r o p i c  v a l u e  i n  a way cha rac t e r i zed  by t h e  s i n g l e  number 

where ~ ( l )  i s  t h e  optimum ? ( l )  o r  is  given a s  an expansion i n  terms 
X X 

of (approximate) e x c i t e d  s t a t e  func t ions .  The f i r s t  term is  i n  f a c t  

n e g l i g i b l e .  When computed from Y(O)(NI = N J  = 4) i t  is  of t h e  o rde r  
0 

lo-', wh i l e  con t r ibu t ions  from t h e  second term a r e  lom5 - We 

w i l l  thus  neg lec t  con t r ibu t ions  from t h e  f i r s t  term. 

- (1) We have computed Ag from t h e  v a r i a t i o n a l l y  determined Y . 
XX X 

The r e s u l t  is  presented a s  a func t ion  of a i n  Table 7 .  The va lue  

corresponding t o  t h e  b e s t  ?(') is Ag = - 0.2249 x The ma t r ix  
X XX 

N 

elements <Y(O) n I g'3/?:0)>, which a r e  r equ i r ed  eo compute Ag by t h e  
XX 

expansion technique,  a r e  given i n  Table 9.  The ma t r ix  element between 



t h e  ground s t a t e  and the  3d~r s t a t e  we f i n d  does no t  agree wi th  t h a t  

of ~ober t ; ,  Fos ter  and Se l ig  .5 For the  two series Go , with PI  = 5 n 

and P3 = 2, respect ively ,  a was chosen t o  minimize t h e  3d1~ energy. 

The value obtained f o r  these. two treatments is t h e  same, 

Agxx = - 0.200 x lo-'. The contr ibut ion of t h e  3d1~ s t a t e  alone is  

I n  t h e  LCAO approximation w e  get  Ag = - 0.115 x Each of 
XX 

t h e  terms contributing t o  Ag i n  t h e  LCAO approximation has been 

computed separa te ly .  The bas is -se t  matrix elements f o r  the  o r b i t a l  

exponents optimizing t h e  3d7~ energy a r e  given i n  Table 10. I f  a l l  

overlaps between AOs on d i f f e r e n t  centers  a r e  neglected, w e  g e t  

Agxx =+0.12 x This is  of t h e  same magnitude a s  t h e  r e s u l t  in- 

cluding overlap, but has t h e  wrong s ign .  

High frequency p a r t  -- of t h e  magnetic s u s c e p t i b i l i t y  

It i s  w e l l  known t h a t  t h e  high frequency p a r t  of t h e  magnetic 

s u s c e p t i b i l i t y  i s  proport ional  t o  .Z8  l<yi0)la 1 y(O)> 1 2 ( ~ , ( 0 )  - ~ ( ~ ) ) - l .  
n x n n 

We have t h e  information necessary t o  evaluate  t h i s  term approximately. 

With t h e  set of excited s t a t e s  computed here,  i t s  value  is - 0.0742 

atomic un i t s .  The contr ibut ion of t h e  3d1~ s t a t e  is - 0.0123. The 

expression above is  o f t e n  approximated using an average energy, as 

~ ~ l < y : O ) l a  x I Y ( O ) > ~ ~ / A E  n = <yo I kxl l0  o / ~ ~  . Roberts et.  a l .  5 have used 
n 
t h i s  expression t o  es t imate  t h e  contr ibut ion of higher exci ted  s t a t e s  

t o  Ag, with AE = 6.25 (E3d1r - Eo) . Dalgarno and Mc ca r ro l l18  have used 

4 t h e  value  AE - 3 o r  4 x 3 Eo . Our ca lcu la t ion  suggests 



AE . 4.45 (E3dn. - E ) which i s  i n  good agreement w i th  t h e  va lue  e s t i -  
0 

mated by Dalgarno. 

V I  . DISCUSSION 

F i r s t -o rde r  wavefunction: We have obta ined  a f i r s t - o r d e r  wave- -- 
func t ion  Y") i n  two d i f f e r e n t  ways: v a r i a t i o n a l l y  and a s  t h e  

~ a ~ l e i ~ h - ~ c h r g d i n ~ e r  expansion i n  terms of exc i t ed  s t a t e s .  I f  t h e  

s e t  of zero-order func t ions  were complete, t h e s e  two procedures would 

lead  t o  t h e  same r e s u l t .  The s e t  is  no t  aomplete, however, and t h e  

t rea tments  a r e  t hus  inequ iva l en t .  The v a r i a t i o n a l  approach i s  t o  be  

p re fe r r ed  when i t  can be  used. 

I n  t h e  v a r i a t i o n a l  c a l c u l a t i o n  a l l  parameters a r e  optimized. 

I n  p a r t i c u l a r ,  t h e r e  is  no doubt a s  t o  t h e  exponent, a . I n  t h e  

9 9  
Rayleigh-Schrodinger t rea tment ,  d i f f e r e n t  va lues  of a would presumably 

be  optimum f o r  d i f f e r e n t  exc i t ed  s t a t e s ,  and i t  is not  c l e a r  which one 

should b e  used. The inhomogeneous equat ion g iv ing  Y"' can be more 

r e a d i l y  solved than  can t h e  homogeneous equat ion f o r  good exc i t ed  

s t a t e s  8:). I n  t h e  c a l c u l a t i o n  of Ag, i t  i s  e a s i e r  t o  eva lua t e  t h e  

s i n g l e  term <Y") 1 rm3!Lx / 8 i 0 ) >  than  t h e  whole s e t  of terms 

For t h e s e  reasons  i t  seems t h a t  t h e  v a r i a t i o n a l  method is pre- 

- (1) f e r a b l e  and t h a t  our b e s t  va lue  f o r  Ag is  t h a t  obtained us ing  Y . 
LCAO Method: The LCAO r e s u l t s  do n o t  seem t o  b e  very good. The 

r e s u l t s  could presumably b e  improved by al lowing more freedom t o  t h e  

o r b i t a l  exponents i n  t h e  ground s t a t e .  One cannot expect t o  g e t  a 



good LCAO-MO-SCF func t ion  wi th  a s m a l l  b a s i s  s e t ,  and even for good 

func t ions  of t h i s  form ene rg ie s  a r e  o f t e n  i n  e r r o r  by severa.1 percent,  

This sugges ts  t h a t  our r e s u l t s  a r e  not  a t y p i c a l ,  and t h a t  w i th  LCP-0 

c a l c u l a t i o n s ,  Ag may be  of f  by a f a c t o r  of 2 .  

Addi t iona l  Approximations --- i n  t h e  LCAO Formulation 

It is of some i n t e r e s t  t o  use  t h e  p re sen t  r e s u l t s  t o  e x m i n e  set, e 

a d d i t i o n a l  approximations w i t h i q  t h e  context  of t h e  LCAO method .iahieT? 

was suggested by s t o n e l o  and a r e  widely used. They a r e :  

1 )  The wavefunction of t h e  molecule can be approximated by a 

s i n g l e  determinant .  

i -3 ,/ 
2 )  A l l  terms <Xkjrk8 J ? , H  lXj,> a r e  neglec ted  un le s s  k = k = kJ'* . 

klJ k 

-3 
3) <x:jrk = GkCX I e  lXj> where ck is  t h e  usual  spin- 

kv k 

o r b i t  cons tan t  f o r  atom k . 

i 
4 )  ~ X k l k Q ~ X ~ + >  = 0 un le s s  k = k" . 

i I n  each c a s e  x is t h e  ith A0 on cen te r  k and J?, is  t h e  p-comi;cnent 
k kv 

of .& . 
We a r e  not  i n  a p o s i t i o n  t o  d i scuss  t h e  f i r s t  assumption, since 

H~' is a one-electron system. It is  expected t o  be  q u i t e  good, since 

g is e s s e n t i a l l y  a one-electron proper ty .  
rn 

Approximations 2  and 4  involve  t h e  neg lec t  of two-center teems, 

It i s  c l e a r  from Table 10, however, t h a t  t h e  two cen te r  t e r n s  are not 



n e g l i g i b l e  compared wi th  t h e  one cen te r  terms. Approximation 3  can be  

- 3 
good only i f  t h e  r a t i o  <x;lrk ikll lx>/cx;l ekll l x $  i s  independent of 

i and j . From t h e  t h i r d  column i n  Table 10 t h i s  is seen  not  t o  be 

t h e  case .  

Approximation 5 is expected t o  be  q u i t e  good, s i n c e  

= L + 4-I kk x x and t h e  ma t r ix  element of t h e  second term 
8wk 

usua l ly  vanishes .  I n  a t  l e a s t  one case  t h i s  is not  t r u e ,  however 

Values f o r  Ag ca l cu la t ed  by t h e  d i f f e r e n t  methods and i r ~ c l u d i n g  
XX 

va r ious  approximations a r e  given i n  Table 11. The approximate LCAO 

r e s u l t s  a r e  of t h e  same magnitude as o the r  r e s u l t s  bu t  of oppos i te  

s ign .  This ag rees  wi th  t h e  f ind ing  of s la rum^ f o r  CH3 . Our c n n c l u s i ~ n  

is  t h a t  one must b e  very  c a r e f u l  i n  t h e  c a l c u l a t i o n  of g  f a c t o r s  

and t h a t  mu l t i - cen te r  terms must b e  included and evaluated c a r e f u l l y ,  

s i n c e  t h e i r  c o n t r i b u t i o n  i s  s i g n i f i c a n t .  


